Abstract. We classify gradings by arbitrary abelian groups on the classical simple Lie and Jordan superalgebras Q(n), n ≥ 2, over an algebraically closed field of characteristic different from 2 (and not dividing n + 1 in the Lie case): fine gradings up to equivalence and G-gradings, for a fixed group G, up to isomorphism.
Introduction
The classification of gradings by arbitrary abelian groups on finite-dimensional simple Lie and Jordan algebras over an algebraically closed field F of characteristic 0 is essentially complete (see, e.g., the monograph [11] and the references therein). Descriptions of group gradings on classical simple Lie algebras (except D 4 ) were obtained in [7] and [8] . In these descriptions, though, the same grading could be written in many ways. A classification of group gradings for classical simple Lie algebras was done in [4] (G-gradings, for a fixed group G, up to isomorphism, with char F = 2) and [10] (fine gradings up to equivalence, with char F = 0). Assuming the grading group G finite and char F = 0, a classification of inner G-gradings for type A n was obtained independently in [21] . A method to relate gradings on associative algebras to gradings on corresponding Lie and Jordan algebras, which works in arbitrary characteristic and for sufficiently high dimension (including infinite), was proposed in [1, 3] and used to classify gradings on finitary simple Lie algebras in [2] .
We are interested in group gradings on finite-dimensional simple Lie and Jordan superalgebras. In characteristic 0, these superalgebras (that are not Lie or Jordan algebras) were classified by V. G. Kac in [16, 15] (see also [19, 18] ). The classification of gradings on simple Lie superalgebras by the group Z was obtained in [15] and by finite cyclic groups in [20] . More recently, fine gradings on the exceptional simple Lie and Jordan superalgebras were classified in [9] and [17] , respectively.
In the present work we consider the simple Lie and Jordan superalgebras Q(n), n ≥ 2. We reduce the problem of classifying group gradings on Q(n) to the same problem for the simple Lie algebra of type A n , which is the even component of the Lie superalgebra Q(n), or to the simple Jordan algebra M (+) n , which is the even component of the Jordan superalgebra Q(n). More precisely, we prove that a G-grading on Q(n) is completely determined by a G-grading on its even component and an element of the group G (Theorem 5.1). This allows us to classify G-gradings up to isomorphism (Theorem 5.4) and fine gradings up to equivalence (Theorem 5.7). For these results, we will need to assume that F is algebraically closed, char F = 2 and, in addition, char F does not divide n + 1 in the Lie case. Some of the auxiliary and related results are valid under weaker assumptions on F, for example, the classification of gradings on the simple associative superalgebra that gives rise to Q(n) (see Theorem 5.5 ).
We will now recall the necessary background on group gradings and fix the notation. All vector spaces, algebras and modules are over a fixed ground field F and usually assumed finite-dimensional. The components of the Z 2 -grading that is a part of the definition of a superalgebra will be labeled by superscripts0 and1, reserving subscripts for the components of other gradings (see Definition 1.1). The degree according to the canonical Z 2 -grading will be referred to as parity (even or odd). A subspace W of a superalgebra A = A0 ⊕ A1 is said to be compatible with the superalgebra structure if W = W0 ⊕W1 where W0 = W ∩A0 and W1 = W ∩A1. All subalgebras and ideals under consideration will be assumed to have this property. A homomorphisms of superalgebras is a homomorphism of algebras that preserves parity. Now we fix a group G, written multiplicatively, with the identity element denoted by e. Definition 1.1. A G-grading on a superalgebra A is a vector space decomposition Γ : A = g∈G A g such that A g A h ⊆ A gh , for all g, h ∈ G, and each A g is compatible with the superalgebra structure, i.e., A g = A0 g ⊕ A1 g . If Γ is fixed, A is referred to as a G-graded superalgebra. The nonzero elements x ∈ A g are said to be homogeneous of degree g. The support of Γ is the set supp(Γ) = {g ∈ G | A g = 0}. We have supp(Γ) = supp0(Γ) ∪ supp1(Γ) where
There is a concept of grading not involving groups. This is a decomposition Γ : A = s∈S A s as a direct sum of nonzero subspaces (compatible with the superalgebra structure) indexed by a set S and having the property that, for any s 1 , s 2 ∈ S with A s 1 A s 2 = 0, there exists (unique) s 3 ∈ S such that A s 1 A s 2 ⊆ A s 3 . For such a decomposition Γ, there may or may not exist a group G containing S that makes Γ a G-grading. If such a group exists, Γ is said to be a group grading. However, G is usually not unique even if we require that it should be generated by S. The universal grading group is generated by S and has the defining relations s 1 s 2 = s 3 for all s 1 , s 2 , s 3 ∈ S such that 0 = A s 1 A s 2 ⊆ A s 3 (see [11, Chapter 1] for details). Definition 1.2. Let Γ : A = g∈G A g and ∆ : B = h∈H B h be two group gradings, with supports S and T , respectively. We say that Γ and ∆ are equivalent if there exists an isomorphism of superalgebras ϕ : A → B and a bijection α : S → T such that ϕ(A s ) = B α(s) for all s ∈ S. If G and H are universal grading groups then α extends to an isomorphism G → H. In the case G = H, the G-gradings Γ and ∆ are isomorphic if A and B are isomorphic as G-graded superalgebras, i.e., if there exists an isomorphism of superalgebras ϕ : A → B such that ϕ(A g ) = B g for all g ∈ G.
If Γ : A = g∈G A g and Γ : A = h∈H A h are two gradings on the same superalgebra, with supports S and T , respectively, then we will say that Γ is a refinement of Γ (or Γ is a coarsening of Γ ) if for any t ∈ T there exists (unique) s ∈ S such that A t ⊆ A s . If, moreover, A t = A s for at least one t ∈ T , then the refinement is said to be proper. A grading Γ is said to be fine if it does not admit any proper refinements. Note that A = (g,i)∈G×Z 2 A i g is a refinement of Γ. It follows that if Γ is fine then the sets supp0(Γ) and supp1(Γ) are disjoint.
Given a G-grading Γ : A = g∈G A g , any group homomorphism α : G → H induces an H-grading α Γ on A whose homogeneous component of degree h is the sum of all A g with α(g) = h. Clearly, α Γ is a coarsening of Γ (not necessarily proper). If G is the universal group of Γ then every coarsening of Γ is obtained in this way. If Γ and Γ are two gradings, with universal groups G and H, then Γ is equivalent to Γ if and only if Γ is isomorphic to α Γ for some group isomorphism α : G → H.
It can be shown that if Γ is a group grading on a simple Lie superalgebra then the subgroup generated by supp(Γ) is abelian (the proof of Proposition 1.12 for Lie algebras in [11] works with minor changes). This result does not hold for simple Jordan algebras, as was observed in [5] using the Jordan algebras of bilinear forms. Nevertheless, from now on, we will work exclusively with abelian grading groups. We denote by G the group of characters of an abelian group G, i.e., homomorphisms G → F × . A G-grading Γ on A gives rise to an action of G by automorphisms of A, η Γ : G → Aut(A), defined by η Γ (χ)(a) = χ(g)a for all χ ∈ G, g ∈ G, a ∈ A g . If F is algebraically closed and char F = 0, the grading Γ can be recovered from η Γ as the eigenspace decomposition of A relative to the commuting automorphisms η Γ (χ), χ ∈ G.
Lie and Jordan superalgebras Q(n)
All classical series of Lie and Jordan superalgebras have standard matrix models. Let M n×m be the space of n×m matrices over F, char F = 2, and let M n = M n×n . The associative superalgebra M (m, n) is the matrix algebra M m+n equipped with the following Z 2 -grading:
Recall that any associative superalgebra A = A0 ⊕ A1 becomes a Lie superalgebra with respect to the supercommutator, which is defined by
for homogeneous elements and extended by linearity. This Lie superalgebra is denoted by A (−) . Similarly, any associative superalgebra A becomes a Jordan superalgebra, denoted A (+) , with respect to the supersymmetrized product, which is defined by
(This product is sometimes normalized with the factor 1 2 .) 2.1. The Lie superalgebra Q(n). The special linear Lie superalgebras (series A) are constructed from M (m, n) (−) by taking the quotient of the derived superalgebra modulo its center. The three orthosymplectic series (B, C, D) and the periplectic series (P ) are constructed in the same way from the subalgebras of skew-symmetric elements in M (m, n) (−) with respect to appropriate superinvolutions. Series Q is different in that we have to start from an associative superalgebra that is simple as a superalgebra but not as an algebra. Namely, let A = R × R, with component-wise product, where
is an automorphism of A of order 2 and hence its eigenspace decomposition is a Z 2 -grading on A, with A0 = {(x, x) | x ∈ R} and A1 = {(x, −x) | x ∈ R}. Note that A0 is isomorphic to R as an algebra and A1 = uA0 where u = (1, −1), so we may write A = R ⊕ uR where u is odd, commutes with the elements of R and satisfies u 2 = 1. This latter definition works even if char F = 2. The associative superalgebra A can be identified with a subalgebra of M (n + 1, n + 1) as follows:
Let Q(n) be the derived superalgebra of A (−) . Then
Set Q(n) to be the quotient of Q(n) by its center, which is spanned by the identity matrix:
Thus, the even part of Q(n) can be identified with pgl(n + 1) := R/F1 and the odd part with sl(n + 1). If n ≥ 2 then Q(n) is a simple Lie superalgebra (see [16, 19] ). We may denote Q(n) simply by Q when n is clear from the context. If char F does not divide n + 1, the Lie algebras pgl(n + 1) and sl(n + 1) are isomorphic by means of the map a + F1 → a where
We may, therefore, identify both even and odd parts of the Lie superalgebra Q(n) with sl(n + 1). In this way, we obtain another realization of Q(n), which will be convenient for us in Section 5:
To distinguish between Q0 and Q1, we will denote (x, 0) by x and (0, x) bȳ x, for x ∈ sl(n + 1). The mapping x →x is an isomorphism Q0 → Q1 as Q0-modules, which looks as follows in terms of the realization of Q(n) as a subalgebra of M (n + 1, n + 1) (−) /F1:
It follows that the bracket of the Lie superalgebra Q(n) in the realization (2.1) is given by
for all a, b ∈ sl(n + 1), where juxtaposition denotes multiplication in M n+1 .
The Jordan superalgebra Q(n).
The Jordan case is easier: set Q(n) = A (+) where A = M n ⊕ uM n (note that the matrix size is one less than in the Lie case). In other words,
This is a simple Jordan superalgebra if n ≥ 2. We may identify both even and odd parts of the Jordan superalgebra Q(n) with M (+) n , leading to another realization of Q(n), which will be convenient in Section 5:
We will denote (x, 0) by x and (0, x) byx, for x ∈ M n , so the mapping x →x is an isomorphism Q0 → Q1 as Q0-modules, which looks as follows in terms of the realization of Q(n) as a subalgebra of M (n, n) (+) :
The product of Q(n) in the realization (2.3) is given by
for all a, b ∈ M n , where juxtaposition denotes multiplication in M n .
Preliminary results.
We will later need the following fact about automorphisms of the superalgebra Q = Q(n), n ≥ 2. For an automorphism ϕ : Q → Q, we will denote by ϕ i the restriction of ϕ to Q i , i ∈ Z 2 . Let υ be the parity automorphism, i.e., υ i = (−1) i id.
is a surjective homomorphism whose kernel is generated by υ.
Proof. Suppose ϕ ∈ Aut(Q) belongs to the kernel of the restriction map, i.e., ϕ0 = id. Then ϕ1 is an automorphism of Q1 as a Q0-module, hence ϕ1 = λ id by Schur's Lemma, where λ is a nonzero scalar. Since the composition Q1 × Q1 → Q0 is nonzero and preserved by ϕ, it follows that λ = ±1. Therefore, ϕ = id or ϕ = υ.
It is well known that the automorphism group of Q0, which is sl(n + 1) ⊂ M (−) n+1 in the Lie case and M (+) n in the Jordan case, is generated by inner automorphisms (i.e., conjugations by invertible elements from the respective matrix algebra) and by an outer automorphism θ, which is θ(x) = −x t in the Lie case and θ(x) = x t in the Jordan case. Thus, to prove the surjectivity of the restriction map, we only need to show that the inner automorphisms of Q0 and θ can, indeed, be extended to automorphisms of the whole of Q.
In the first case, if ψ r (x) = rxr −1 is an inner automorphism of Q0 then we set ϕ(a +b) = ψ r (a) + ψ r (b), for all a, b ∈ Q0. In the second case, we set ϕ(a +b) = θ(a) + √ −1 θ(b), for all a, b ∈ Q0. For both cases, it is straightforward to verify that ϕ is an automorphism.
Remark 2.2. The above extensions of inner automorphisms of Q0 are the inner automorphisms of Q. The extension of θ has order 4, as its square equals υ. It generates the group of outer automorphisms of Q. It follows that Aut(Q) is isomorphic to the semidirect product of the group of inner automorphisms of Q0, which is PGL(n + 1) in the Lie case and PGL(n) in the Jordan case, and the cyclic group of order 4. In the Lie superalgebra case this can be found in [20, Theorem 1] . Corollary 2.3 (of the proof). Let ϕ : Q → Q be an automorphism. Then there is a scalar λ ∈ F × such that ϕ1(x) = λϕ0(x) for all x ∈ Q0. In fact, λ 2 = 1 if ϕ0 is inner and λ 2 = −1 otherwise.
Graded modules over graded Lie or Jordan algebras
Our approach to gradings on Q will be based on considering Q1 as a graded Q0-module. We will now review some basic concepts regarding graded modules. A comprehensive treatment of finite-dimensional graded modules over semisimple Lie algebras can be found in [12] .
If V is a finite-dimensional G-graded vector space, we obtain an induced G-grading on the associative algebra End(V ) and, since G is abelian, on the Lie algebra gl(V ) = End(V ) (−) and the Jordan algebra End(V ) (+) .
Definition 3.2. Let A = g∈G A g be a G-graded algebra (associative, Lie or Jordan) and let V = g∈G V g be an A-module that is also a G-graded vector space. We say that V is a G-graded module over Lemma 3.4. Let V be a graded module over a G-graded algebra A. Then, for any d ∈ G, the shift V [d] is also a graded module over A.
The next result is the converse of the above lemma in a special case. Recall that a simple module is said to be absolutely simple if it remains simple upon the extension of scalars to the algebraic closure. Proposition 3.5. Let A be a G-graded algebra and let V be a finite-dimensional (ungraded) absolutely simple A-module. If Γ and Γ are two Ggradings that make V a graded module over A then Γ is a shift of Γ.
Proof. The Lie and Jordan cases reduce to the associative case by considering the universal enveloping algebra. So, let A be an associative algebra. Since V is finite-dimensional, the Density Theorem implies that the representation ρ : A → End(V ) is surjective. It will be convenient to denote V equipped with the gradings Γ and Γ by V Γ and V Γ , respectively. Since ρ is a surjective homomorphism of graded algebras, we have End(V Γ ) g = ρ(A g ) = End(V Γ ) g for all g ∈ G. The result follows from the next lemma.
Lemma 3.6. Let V be a finite-dimensional vector space and let Γ, Γ be G-gradings on V that induce the same grading on End(V ). Then Γ is a shift of Γ.
Proof. Let I be a minimal graded left ideal of R = End(V ). By Lemma 2.7 of [11] , there exist g, g ∈ G such that V Γ ∼ = I [g] and V Γ ∼ = I [g ] . Thus, we have an isomorphism V Γ → (V Γ ) [g −1 g ] of graded R-modules. Such an isomorphism must be a scalar operator and, therefore, it leaves all subspaces invariant. We conclude that Γ is a shift of Γ.
Gradings on sl(n) and M (+) n
Since we are going to reduce the classification of gradings on Q to the same problem for Q0, we need to recall some facts about gradings on the Lie algebra sl(n) and Jordan algebra M If a grading Γ on S = sl(n) is the restriction of a grading of R = M n , we say that Γ is a Type I grading. Otherwise, we say that Γ is a Type II grading. If F is algebraically closed, Type I gradings are characterized by the property that the image of η Γ : G → Aut(S) consists of inner automorphisms of S. Type II gradings are related to Type I gradings in the following way.
Definition 4.1 ([4]
). If Γ : S = g∈G S g is a G-grading of Type II on S, then there exists a unique element h ∈ G of order 2 such that the coarsening Γ induced by the quotient map G → G = G/ h is a G-grading of Type I (see [11, §3.1] ). Moreover, for any χ ∈ G, the automorphism η Γ (χ) is inner if and only if χ(h) = 1. We call h the distinguished element associated to the grading Γ. For a Type I grading, it is convenient to define h = e.
The next two lemmas will be crucial for describing gradings on Q. First we recall the concept of tensor product of graded spaces. Definition 4.2. Given two G-graded vector spaces V = g∈G V g and W = g∈G W g , we define their tensor product to be the vector space V ⊗ W together with the G-grading given by (
Lemma 4.3. Let Γ be a G-grading on sl(n) and let h be its distinguished element. If we extend Γ to a grading of gl(n) by declaring the identity matrix to have degree h then the map
is homogeneous of degree h.
Proof. Let ∆ be the indicated extension of Γ to the Lie algebra gl(n). If Γ is a Type I grading then ∆ is actually a grading on the associative algebra R = M n and hence the map J is homogeneous of degree h = e. Now suppose that Γ is a Type II grading and consider its extension ∆ : R = g∈G R g , which is a grading on the Lie algebra gl(n) but not on the associative algebra M n . Without loss of generality, we may assume F algebraically closed. Let G = G/ h and consider the coarsening ∆ : R = ḡ∈G Rḡ induced by the quotient map G → G, i.e., Rḡ = R g ⊕ R gh . If x ∈ R a and y ∈ R b for some a, b ∈ G then xy ∈ R ab = R ab ⊕ R abh , since ∆ is a grading on the associative algebra R. Hence we can write xy = z 0 + z 1 with z 0 ∈ R ab and z 1 ∈ R abh . Pick a character χ of G such that η Γ (χ) is not an inner automorphism of S. Then −η Γ (χ) is the restriction of some anti-automorphism ϕ of R. Since χ(h) = −1, we have η ∆ (χ)(1 R ) = −1 R and hence ϕ = −η ∆ (χ). We compute:
hence yx = −z 0 + z 1 , which implies xy + yx = 2z 1 ∈ R abh , as required. 
Proof. If Γ is a Type I grading then Γ is actually a grading on the associative algebra R = M n and hence the map L is homogeneous of degree h = e. Now suppose that Γ is a Type II grading. Let G = G/ h and consider the coarsening Γ : R = ḡ∈G Rḡ induced by the quotient map G → G. If x ∈ R a and y ∈ R b for some a, b ∈ G then xy ∈ R ab = R ab ⊕ R abh , since Γ is a grading on the associative algebra R. Hence we can write xy = z 0 + z 1 with z 0 ∈ R ab and z 1 ∈ R abh . Pick a character χ of G such that η Γ (χ) is not an inner automorphism. Then η Γ (χ) = ϕ, an antiautomorphism of R. We compute:
hence yx = z 0 − z 1 , which implies xy − yx = 2z 1 ∈ R abh , as required.
Gradings on Q(n)
Now we are going to classify group gradings on the Lie and Jordan superalgebras Q = Q(n), n ≥ 2, under the assumption char F = 2 and, in addition, char F does not divide n + 1 in the Lie case. It will be convenient to use the following notation.
Let V and W be vector spaces with G-gradings Γ : V = g∈G V g and ∆ : W = g∈G W g . We will denote by Γ ⊕ ∆ the G-grading on the superspace V ⊕ W , where V is regarded as the even part and W as the odd part, given
Recall from Section 2 the isomorphism Q0 → Q1 of Q0-modules, which we denoted by x →x. Given a G-grading Γ on the vector space Q0, we denote by Γ the image of Γ under this isomorphism, i.e., Γ is given by
We are ready to describe all possible G-gradings on Q.
Theorem 5.1. Consider the simple Lie or Jordan superalgebra Q = Q(n), n ≥ 2. Let Γ be a G-grading on Q0, for some abelian group G, and let h ∈ G be the distinguished element associated to Γ. Then the G-gradings on Q extending Γ are precisely the gradings of the form
is, indeed, a grading on Q, i.e., the product [, ] : Q ⊗ Q → Q (respectively, • : Q ⊗ Q → Q) is a homogeneous map of degree e with respect to this grading. It is sufficient to consider the restrictions Q0 ⊗ Q0 → Q0, Q0 ⊗ Q1 → Q1 and Q1 ⊗ Q1 → Q0.
The case of Q0 ⊗ Q0 → Q0 is clear since Γ is a grading on the Lie (respectively, Jordan) algebra Q0. In the second case, we observe that Q1 equipped with Γ is a graded Q0-module (by the definition of Γ) and then apply Lemma 3.4. For the third case, we will use the realization of Q given by (2.1) or (2.3).
In the Lie case, according to (2.2), the map [, ] : Q1 ⊗ Q1 → Q0 is the composition of the following four maps:
where β is an isomorphism given byx ⊗ȳ → x ⊗ y, g = gl(n + 1) and J(x ⊗ y) = xy + yx. As in Lemma 4.3, we extend the grading Γ to a grading on g by declaring the identity matrix to have degree h. Then J is a homogeneous map of degree h. Also, β is homogeneous of degree d −2 = h −1 , while the inclusion Q0 → g and projection g → Q0 are homogeneous of degree e. It follows that [, ] : Q1 ⊗ Q1 → Q0 has degree e, as desired.
The Jordan case is easier. According to (2.4), the map • : Q1 ⊗ Q1 → Q0 is the composition of the following two maps:
where β is an isomorphism given byx⊗ȳ → x⊗y and L(x⊗y) = xy−yx. By Lemma 4.4, L is a homogeneous map of degree h. Also, β is homogeneous of degree d −2 = h −1 . It follows that • : Q1 ⊗ Q1 → Q0 has degree e, as desired.
It remains to prove that all extensions of the grading Γ on Q0 to the superalgebra Q are of the indicated form. Since Q1 has to be a graded Q0-module, we can apply Proposition 3.5 to conclude that the grading on Q must have the form Γ ⊕ Γ [d] for some d ∈ G. The above calculation of the degree of the product Q1 ⊗ Q1 → Q0 shows that d 2 = h. Remark 5.2. In the case of the Lie superalgebra Q(n), we have just observed the following general phenomenon. Let L = L0 ⊕ L1 be a classical simple Lie superalgebra over an algebraically closed field of characteristic 0. If L is not isomorphic to D (2, 1, α) , it is shown in the proof of Proposition 2.1.4 of [16] that, with fixed Lie bracket on L0 and L0-module structure on L1, the space of symmetric maps L1 ⊗ L1 → L0 that make L a Lie superalgebra has dimension 1. It follows that if L0 and L1 are given G-gradings such that L0 is a graded algebra and L1 is a graded L0-module then the product [, ] : L1 ⊗ L1 → L0 is automatically a homogeneous map of some degree, which we computed to be h in the case of the gradings Γ and Γ on Q0 and Q1, respectively.
Note that if Γ is a Type I grading on Q0 then we can always extend it to Q: for example, Γ ⊕ Γ does the job. But our theorem also shows that this is not the case for Type II gradings: The role of h = d 2 for a G-grading on Q can be seen using the construction of Q, described in Section 2, in terms of the simple associative superalgebra A = R⊕uR where R = M n+1 in the Lie case and R = M n in the Jordan case. Proof. It will be convenient to give two names to the isomorphism Q0 → Q1, x →x, according to what gradings we use. If we consider Γ and Γ
[c] on Q0 and Q1, respectively, then we will call it β c , since it will have degree c. Analogously, if we consider ∆ and ∆ [d] , it will have degree d and we will call it β d .
Suppose ϕ : Q → Q is an automorphism sending the grading
. By Corollary 2.3, we have
for some λ ∈ F × . By our assumption on ϕ, both ϕ0 and ϕ1 have degree e and, hence, Equation (5.1) implies c = d. Conversely, suppose c = d and there exists an automorphism ψ : Q0 → Q0 sending Γ onto ∆. By Proposition 2.1, there exists an automorphism ϕ : Q → Q such that ϕ0 = ψ. Now Equation (5.1) implies that ϕ1 has degree e, i.e., sends Γ
[c] onto ∆ [c] .
For algebraically closed F, the classification of G-gradings on Q0 up to isomorphism can be found in [4] or [11, §3.3] for the Lie case, where Q0 = sl(n + 1), and in [11, §5.6 ] for the Jordan case, where Q0 = M (+) n (which has the same classification of gradings as sl(n) if n ≥ 3). Together with our Theorems 5.1 and 5.4, this gives a classification of G-gradings on the Lie or Jordan superalgebra Q(n) up to isomorphism. We can also obtain such a classification for the corresponding associative superalgebra A = M n ⊕uM n , improving the description given in [6] . The following result is valid over an arbitrary field and reduces the classification to the matrix algebra M n , for which it is known over algebraically closed F (see [4] or [11, §2.3] ). For a grading Γ on A0, it will be convenient to denote by uΓ the corresponding grading on A1 = uA0, i.e., A1 g = {ux | x ∈ A0 g } for all g ∈ G.
Theorem 5.5. Consider the simple associative superalgebra A = R ⊕ uR where R = M n . Then any grading on A by an abelian group G is of the form Γ ⊕ uΓ [c] , where Γ is a grading on R and c ∈ G is such that c 2 = e. This gradings is isomorphic to ∆ ⊕ u∆ [d] if and only if Γ ∼ = ∆ and c = d.
Proof. We observe that A1 is isomorphic to R = A0 as an R-bimodule. Indeed, an isomorphism A0 → A1 is given by x → ux. Since A1 is a simple R-bimodule (or, equivalently, (R ⊗ R op )-module), we can proceed as in the proofs of Theorems 5.1 and 5.4. The details are left to the reader.
We would like to point out that the approach based on graded modules over G-graded Lie algebras can be used to classify G-gradings on other classical simple Lie superalgebras (cf. Remark 5.2) and also on abelian extensions of Lie algebras.
Example 5.6. Let g be the semidirect sum of psl(n) and its adjoint module. Then any grading on g by an abelian group G is of the form Γ ⊕ Γ [c] , where Γ is a grading on psl(n) and c ∈ G. This gradings is isomorphic to ∆ ⊕ ∆ [d] if and only if Γ ∼ = ∆ and c = d.
In general, if g is any finite-dimensional Lie algebra over an algebraically closed field of characteristic 0, then g = s ⊕ r where r is the solvable radical of g and s is a semisimple Levi subalgebra. If g is graded by a group G then r is G-graded and s can be chosen G-graded (see [14] ). Note that the isomorphism classes of s as a graded algebra and r as a graded s-module are uniquely determined. If r is abelian then the classification of G-gradings on g reduces to classifying G-gradings on s and, for each such grading, classifying graded s-modules. The first problem has been solved for simple s except for types E 6 , E 7 and E 8 (see [11] and also [13] for D 4 ) and the second problem for any semisimple s and abelian G (see [12] ), but the relevant invariants have been explicitly computed only for simple s different from E 6 and E 7 (for D 4 and E 8 , see the Appendix in [13]).
To conclude this paper, we will show that the classification of fine gradings up to equivalence on the Lie (respectively, Jordan) superalgebra Q is the same as for the Lie algebra Q0 = sl(n + 1) (respectively, the Jordan algebra
n ), which can be found in [10] or [11, §3.3] (respectively, in [11, §5.6 
]).
We will need the following notation. Let G be an abelian group and let h ∈ G. We denote by G[h 1/2 ] the abelian group generated by G and a new element d subject only to the relation d 2 = h. We will also denote d by h 1/2 . Theorem 5.7. Consider the simple Lie or Jordan superalgebra Q = Q(n), n ≥ 2. If Γ is a fine grading on Q0 with universal group G thenΓ = Γ⊕Γ
is a fine grading on Q with universal group G[h 1/2 ], and every fine grading on Q has this form (if we use its universal group). Moreover,Γ and∆ are equivalent if and only if Γ and ∆ are equivalent.
Proof. If Γ is fine then so isΓ, because the grading on Q1 is determined by the grading on Q0 up to a shift (see Theorem 5.1). Note that supp(Γ) = S0 ∪ S1 (disjoint union) where S0 = supp(Γ) and S1 = S0h 1/2 .
Let ∆ be another fine grading on Q0. Clearly, ifΓ and∆ are equivalent by means of an automorphism ϕ : Q → Q and a bijection α : supp(Γ) → supp(∆), then Γ and ∆ are equivalent by means of ϕ0 and α0 (the restriction of α to S0). Conversely, suppose Γ and ∆ are equivalent. Let G be the universal group of ∆ and let h be its distinguished element. Then there exists an isomorphism β : G → G such that β Γ is isomorphic to ∆. It follows that β(h) = h and, hence, we can extend β to an isomorphism β : G[h 1/2 ] → G [(h ) 1/2 ] such thatβ(h 1/2 ) = (h ) 1/2 . ThenβΓ is isomorphic to∆ by Theorem 5.4, soΓ and∆ are equivalent.
Finally, suppose G is any abelian group and we have a G -grading on Q, which, according to Theorem 5.1, we can write as Γ ⊕ Γ [d ] for some d ∈ G satisfying (d ) 2 = h , where h is the distinguished element of Γ . There exists a fine grading Γ on Q0, with universal group G, and a homomorphism β : G → G such that Γ = β Γ. It follows that β sends the distinguished element h of Γ to h and, hence, we can extend β to a homomorphism β : G[h 1/2 ] → G such thatβ(h 1/2 ) = d . Then we obtain Γ ⊕ Γ [d ] =βΓ by definition ofΓ. Since we started with an arbitrary group grading on Q, it follows that every fine grading on Q has the formΓ, for some fine grading Γ on Q0, and, moreover, G[h 1/2 ] is the universal group ofΓ.
To determine the structure of the universal groups of fine gradings on Q, note that, since h 2 = e, the group G[h 1/2 ] is isomorphic to G × Z 2 if h is a square in G and G × Z 4 otherwise, where G = G/ h . If Γ is of Type I, we have h = e, so G = G and G[h 1/2 ] ∼ = G × Z 2 . If Γ is of Type II, the group G is computed in [11, §3.3] (for algebraically closed F) in terms of the extension h → G → G, which splits if and only if h is not a square in G. For Type I, the group G is the universal group of the corresponding fine grading on the associative algebra R, where R = M n+1 in the Lie case (n ≥ 2) and R = M n in the Jordan case (n ≥ 3); it is given in [11, §2.3] for all fine gradings. For Type II, G is the universal group of the grading on R corresponding to the Type I coarsening induced by the quotient map G → G; it is computed in [11, §3.2] . Note that n = 2 is exceptional in the Jordan case, since M (+) 2 is isomorphic to the Jordan algebra of a nondegenerate bilinear form on the 3-dimensional space, which admits two fine gradings, with universal groups Z 3 2 and Z × Z 2 (see [11, §5.6] ). Both are of Type II, so the universal groups of the corresponding gradings on Q(2) are Z 2 2 × Z 4 and Z × Z 4 , respectively.
